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Correlogram-based estimation of the instantaneous spectral density of periodically
non-stationary random processes is investigated for both continuous and discrete signals
derived using coherent covariance methods. Expressions for the asymptotic bias and
variance were obtained, first- and second-order aliasing effects are examined. Proposed
models were applied to treaty of the amplitude- and phase-modulated signals, simulated
and real time-series examples for obtaining spectral-density and cyclic-components
estimations.
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Introduction. Using periodically non-stationary random process (PNRP)
mean function, covariance function, the instantaneous spectral density and their
Fourier coefficients allow to investigate the specific properties of stochastic
recurrence for different physical phenomena. To compute these quantities on the
basis of experimental data the methods for PNRP statistical covariance and
spectral analysis were developed [1-6, 9, 11]. The properties of estimators for the
mean, covariance function and their Fourier coefficients, which are determined by
coherent (synchronous averaging) and component methods, least square method,
linear comb-like and band-filtration methods, were analyzed in detail for the cases
of known or unknown non-stationary period. It was obtained the simple and
practically useful formulae for biases and variances of the estimators that allow to
compute relatively easily the estimation mean-square errors in dependency on
realization length, sampling interval, point of correlogram cut-off value and
parameters which describe PNRP covariance structure. The required values of
these errors are the base for grounded choice of the parameters for statistical
processing of the experimental data.

The estimation of the instantaneous spectral density. To estimate the
spectral density one can, use the correlogram method of Blakman-Tukey:

flw,t) = % JZ R(t, Dk(D)e " dr. (1)
Here R(t, 7) — is the covariance function estimator and k() — covariance window:
k(-t) =k(t), k() =1, k() =0 for |t| =1,,. The coherent covariance
function estimator can be calculated using the formula:
R(t,7) = %Zﬁ;g[f(t + nP) — @i(t + nP)][é(t + T + nP) — @(t + T + nP)],
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where
M(t) = - TN E(E +nP),

and N is the number of the averaged realization period. Further we will suppose
that realization length is such that T = NP + t,,, where 7,, is a point of
correlogram cut-off and that mean function is estimated only for t € [0, P] and
m(t + nP) = m(t), when t € [0, P]. Then

R(t,7) = ~ZNZ3[E(t +nP) — Mt +nP)[E(t + 7 +nP) — At + T +nP)].Q)

If the covariance function R(t,7) is calculated using statistics (2) the
estimator (1) is asymptotically biased (for finite 7,,). Its than bias e[f (w, t)] =
Ef(w,t) — f(w,t) for N - o in the first approximation is defined by formula

N 1 ,oo
taslf(@,0)] = [} [ w2001 doy| £/ (w,1), 3)

where
Aw) =7 k()e i dr.

Since the mathematical expectation of estimator (2) is equal to [11]:

ER(t,D) = R(t, 1) =~ It vy (1= 2 R(t 7 + nP),

then
Ef (w,8) = - [ k(DR(t,D)e™ " dr -
—% NZfi (1 — %) [% I- k(@R T+ nP)e‘i“”dT]. 4)
Taking into account the representations
Rt = [ flw e dw, k(x) = I Aw)e“ dw. (5)

After substituting to (4) relations (5) we have:

Ef(w, t)
=[y:ﬂ%ﬁﬂw)1

v (1 - %) el@1mP 1 [~
N

o ei(“’l“"*‘“z)“du] dw,dw,.

The sum under the integral can be re-wrote in the form:

253



MSSE2025

1 In| : 1 :
~\'N-1 _ iwnP — - VN-1 iwq(m—-n)P
N n=-N+1 (1 N ) e - N2 mn=0 e .

Taking into consideration the equalities

1yN-1 jiwymP 2v-1)2 Si"“’Ng 1w
EZ _LeloimP = oh i——%, — [ edu = §(w),
Nsin w3 2m

here 6 (w) is the Dirac delta function, we have:

Ef(w,6) = [" f(w, OAw — )[1 - g(w;, N)]dw,,

sin{Nij

2

N?sin? (a)PJ
2

The function g(w, N) for N - oo degenerates into series of unit pulse functions
with period 2 /P. Thus, asymptotical value of bias is equal to:

ggslf (@, 0] = [7 flw - w, DM w)dw, — f(,1), (6)

Parameters of smoothing covariance windows k(7) and the point of correlogram
cut-off 7,,, are chosen so that spectral windows A(w) have a form of the sharp
peaks at point w = 0. Assume that the spectral density is the smooth frequency
function we can represent its in the form of the Taylor series in the neighborhood

of point W:

where

g(o,N)=

f@—w1,6) = f(@,0) = f/(@,Dan + f/ (0,0 ...

Taking into account this series and the equalities A(w) = A(—w) and
J‘f ﬂ.(a)) dw =1 for the asymptotic bias (6) at the first approximation we have
formula (3).

Conclusions. It follows from expression (3) that the estimators of the

smoother spectral densities have smaller bias, they estimators have a
underestimated values near spectral density maximums and have overestimated

values near its minimums, and the values of the bias €4 [ f (w, t)] decreases
width decreasing spectral window width.
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